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15. Stability of second kind

Assume we have Nelectrons andM nuclei.

They are interesting with each otherhis the

Coulomb force. The electrons have charge - e

and one of positions x ..., tr. Thenuclei

have charges et, ... etc andare located at

R, . . . , RME RY.

Since the nucleione much heavier, we assume

R:are fixed, and therefore parameters of

the system.
The meny-body temiltaren then reads (e=1)

Mn=7x) -+2 jtbeneat
=1k, (Xi-R) inje

on L (IR). The nuclear charges sotisfy

0 CEx1ZFk=1, . . ., M.

Let ECM,N) be the ground state energy ofthe system,

namely
ECMN) =inf inf <4)Haw 4C

(Rel 141 =1

Stability ofsecond kind!
ECM,N)? - (CE) (MAN)



16. Electrostatic inequalities
the first step is to estimate the Conloub potention

Thm
↳Bexeterinitspotention., 1980)
-
For any bris, SRIS, CIR" and220 we have

-
+ jta?-zt

=1k, (Xi-R) inje
i=1(0(xi)

where ()= min (x-R1 is the distance tothe
1kM

nearest nucleus.

To prove Baxter's inequality we will need Newton's theorem.

Definition 3
- Let i be a non-negotive Bowel measure on R.

The potential function I associatedwithi is defined
OS

&x =y) 0,0]
the Coulomb energy of in

is definedas

D(x) =Iin opening) eto,0]
We think ofin as some charge distribution. The total

change is given by a = ((R3). In many cases

M is of the form M(de) =g(adefor SEL'(h). In

that case we shall write DC19). The following result

is useful when computing potential functions.



The (Newton's thm)
-

Let in be anon-negative Bord measure on IR

thatis rotationally symmeters withrespect to the origin.

i.e. M(RA)=j(H) FR-mototion aroundthe origin

and any
Bord Set A. Then

I=igjupg+S g, fg.
lyIx ly1

Proof
- Since I is rotationally symmetric, so is PC.

Indeed
Ices =ines-iig," =

zig, Pigs -is-I
=>E(x =I((x)).

Thus we can write Ias a spherical average:

Ea = wirar
=gg es au

-

si only
to compute the inner integral we again use rotational

symemety to assume that y=(y)(0,01). Then



Iit
isitis imangionona de

1

r= is =
Iites1x+ ly)-Ckily))

-

I

↓ &S

I
=( =b)) =2zie!
=(- 25 +(y) =(bx1

-

- -
(y((x)

b<1 +
6+

=2((y)

=min (, ii) #

By translational invenience, this resultcan be extended to

rototional symmetry around a point to EIR?

Example
-

(y) =E(ty)- d)
- the uniform charge

distribution of total

charge asupportedon a sphere
ofradius de

then:

|x12a =f(x) =1=



i.e. from outside of the sphere the change lots just like

a pointchange
a located of the origin. Ifled

Ece= digs-

Covollary
->

(point charges here maximal potentiall

M-non-negotive, Bord measure, rotationally symmtan
with respect toto and a-pLL). Then t

qc =ig, draga-|x-x0
Some properties ofthe Conlomb energy.

Lemma
-

Assume y*y, -pc where page are bothnon-negoire
Bowel measures with finite Conlomb energies

D(pi) <00 i=1.2.

then 0 ?D4,p) < 0.

⑳f.
We firstnote that

isit inseat. As

The fact that both sides are proportional to each other



follows from the observation that both are function

of key) and both Atmogeneous ofove

degree - 1, i.e. fC(y))=i'f((-y)

Exercise
- check both statements.

·I dependence on Itry) only

LIS - obvious. RHS:=()--y=s) =

=SE (ee-Es=(/E=E-)
- =FCI.
·) homogeneity

pees (in
Eis**: isitis*))- E,dz=ne
=
isEn

E7

Exercise
-> theonly positively homogeneous function of

degree of is it
Let F(e) be another one. Then F(el=FG.x)=FC) of



the constant I is not important. Itis care
T

that it was to be positive.

From the representation (A) We have

D(y,p) =2E it) anno

Exercise
-- Show D(y,m) <0.

sation:
From the representation we have

Dart-initisisit do
By G-S:

E

101,011 it isn'tor isan
=2 D(,,m) D(rv)

thus D(Mtn,py) G D(y,,)D(msen) < 0
E

the next theorem allows to estimate the potential

energy ofendacion by the one coming from the

heart muchaus.



thm (besic electrostatic inequality)--

Let
M

be a non-negative Borel measure on IRS.

Then

Dy,a -means
Prof

E

Let Ecc=i-d
the function Ec* is the potential generated

by all nucleiopent from the wearest one.

Auseful picture to keep in mind is the Voronoicell

where the machers of te is associatedwith the cell

Tc =3 xR) (x - Px)c | - Rel FetzS



Lemme
we can write ce=)H-

IRS
1x-g1

for some non-negotive measure" on IRS supported

on the surfaces (XGY: A-Rel = I-Pel tFk3

Dif
we will show that Ec sotisfies

-A Ec =GTV. (8)

Since -(K =0 Vto it is clear that

-Ec4) =0 F XER) except the surfaces

Hence, if(A) holds, V has to be supported on the

surfaces. We compute (E =dc)

i) E) (af))or = le) offer de
↳ Te

= -) (c) (xfcel) de +

Zee fas↳ F

On each not the outward normal vectors

is andis point in the opposite direction.

This together with the feet that I and of
are continuous implies the boundary terms

vanish Furthermore, since

S
↳
If =

-dirfag+ba = diff



since Iharmonic in it. By divergence theorem

9) fed=-2S fYs ces es

IR3 ↳

which does notvenish as II is not continuous on IRS

as D"is notdifferentiable. The contribution

from Esis differentiable on the boundly
ja: 1x-Rj1

so this contribution verishes as before. We get

SETG afsok= f ises
IRY

Since an O nO every point has the same distance

to Rm end ofthe gradius of8
more the serve

megnible but opposite orientation, i.e.

.=is.But-R
It follows that

SEC) fdx =27 Z Sfes-t-ds
IR* k0

K-Ret

this i is a measure concentrated on the segments

joining the Voronoicells. In particular on On
it has magnitude

-
- it is Piral1 x- Rj1



which implies

bid =27Axe=o
because

mX-R)?0 on test by convexityof in
*

We move bed to the proofof the basic

electrostolic inequality which using the definition of

I can be vewritten es

D(,) -Sc) eeEm0
By the previous lemme we have

DMig) - (c) p(x) =D(p) - 2D(y,) ? - D(vir)

by D(m-v, p-r)20. It remains to compute D(V,r)

We have

-c) = = 2-r
Since auch is positive
DWil =
ISEC) buses I eagerare

=Eels-rit(igalos-Estatesa
=I(r) =2 E1-lckM -Re-Riz E



Proof ofBaxter's electrostatic inequality

Recoll &C)= min (e-R) .

We have
M

in-5 (al**ar? (
k=11123

but went to prove

-
+ jta?-zt

i=1k=(Xi - Rx)
12ijN

i=1(0(xi)

if we would choose
m
=28(K-xil) in (A)
i=1

we wouldbe almost there. Unfortunately, D(m,p) =0.

this is why we will smear out changes. Define

opx)
=Frst ⑧ ((- xi) - (x) (2) i=1...,N

I
Picture x uniform, normalizedmeasure

I, ·X
· I

Ms

·

Min

We make two observations:

① the electrostatic interection between the electrons



is reduced because the interaction energy
between two spheres is less than two points:

Ips isesse
by Covellery after Newton's thm.

② Again by Newton's them, the interaction between

the smeared out electrons and nucleiis not

changed as D(x)/<1X-Rj1Fjand tens

S =>dix) ==
13 1x- Rj) 1x-Rj

regnene Westernteensin=1 jak-) 1iN614- 31

-

Dym- or - Eei=,D(x)
in
=2ji

Here we used that I
1

Exercise D(pi,pi) = --
-

-(xi)

opx)
=Fr o (ve-eil-0(a)(2)



&(ii) =2ices-Iaings[]
Newton

Idx.cys) -Brienee
l
-=I=0(xi)

-

using the basic electrostatic inequality we get

Ey-"em
1jEN

jes je

2 -2i =1
To finish the proofwe need to show that

St
this will be true if OCx =min k-Rjl?

j =1....

for engein the support ofde (that is |-x) =D(xi))
I

this is a consequence ofthe factthat

1x - Rjl 1X -Rj/-1xi -)? 04) --


